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Abstract. We introduce certain Ba¨cklund transformations for rational solu-
tions of the Painleve´ VI equation. These transformations act on a family of
Painleve´ VI tau functions. They are obtained from reducing the Hirota bilinear
equations that describe the relation between certain points in the 3 compo-
nent polynomial KP Grassmannian. In this way we obtain transformations
that act on the root lattice of A5. We also show that this A5 root lattice can
be related to the F
(1)
4 root lattice. We thus obtain Ba¨cklund transformations
that relate Painleve´ VI tau functions, parametrized by the elements of this
F
(1)
4 root lattice.
1 Introduction
In [1], which was a generalization of [2]( see also [8]), we showed that there is a
connection between certain homogeneous solutions of the 3-component KP hierarchy
and certain rational solutions (cf. [9]) of the Painleve´ VI equation:
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(1.1)
In this publication we focus on the Ba¨cklund transformations for the solutions of
[1]. See also [7] for connections of gl3 KP hierarchy to Painleve´ VI. Instead of
obtaining Ba¨cklund transformations for the Painleve´ VI equation, we obtain such
transformations for the so-called Jimbo-Miwa-Okamoto σ-form of the Painleve´ VI
equation [4]:
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(1.2)
where
v1 + v2 =
√
−2β, v1 − v2 =
√
2γ, v3 + v4 + 1 =
√
1− 2δ, v3 − v4 =
√
2α . (1.3)
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This σ is related via some choice of variables to the 3-component KP tau-function
T by
σ(t) = t(t− 1)d logT
dt
− at− b ,
for certain constants a, b. In this paper we show that there exists such a tau-function
for certain elements in the root lattice of sl6:
Q(A5) = {α =
6∑
i=1
αiδi |
6∑
i=1
αi = 0} , (1.4)
where (δi)j = δij and where we choose
vi =
α1 + α3
2
+ α3+i (i = 1, 2, 3), v4 =
α1 − α3
2
. (1.5)
The equations of the 3-component KP and modified 3-component KP produce
Ba¨cklund transformations on the above tau-functions
Tα+δi−δk∂j(Tα)− Tα∂j(Tα+δi−δk) + nj(α; i, k)TαTα+δi−δk = ǫijk Tα+δi−δjTα+δj−δk ,
(1.6)
for distinct i, j, k with 1 ≤ j ≤ 3 and 1 ≤ i, k ≤ 6. Here
∂j = bj(t)
d
dt
, and b1(t) = t(t− 1), b2(t) = t, b3(t) = −t2
and n1(α; i, k) is a certain constant, which is given in (3.4). From this we deduce the
following Ba¨cklund equation for the Jimbo-Miwa-Okamoto σ-function for distinct
i, j, k with 1 ≤ j ≤ 3 and 1 ≤ i, k ≤ 6:
σα+δi−δj (t) + σα+δj−δk(t)− σα+δi−δk(t)− σα(t) =
= Gijk(α; t) + t(t− 1) d
dt
log
(
σα(t)− σα+δi−δk(t) +Hijk(α; t)
)
.
(1.7)
Here Gijk(α; t) and Hijk(α; t) are certain first order polynomials that can be deter-
mined explicitly, see (3.13).
2 The polynomial Grassmannian and the (modi-
fied) 3-component KP-hierarchy
The geometry behind the rational Painleve´ VI solutions of [1] is the infinite polyno-
mial (3-component) Grassmannian. Let H = {∑i ciλi | ci ∈ C3, ci = 0 for i << 0}
and H+ = {
∑
i ciλ
i | ci ∈ C3, ci = 0 for i < 0} . On H we have a natural bilinear
form given by
(
∑
i
ciλ
i|
∑
j
diλ
i) =
∑
i
(ci, d−1−i) , (2.1)
where (·, ·) is the standard bilinear form on C3 given by
(w, v) = w1v1 + w2v2 + w3v3 . (2.2)
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The Grassmannian consists of linear subspaces W ⊂ H , that satisfy certain condi-
tions. Here we will consider only very special linear subspaces W of H , viz. the
ones that satisfy the following conditions:
• There exist positive integers m and n such that λnH+ ⊂W ⊂ λ−mH+ ,
• W satisfy the condition λW ⊂ W ,
• W has a basis of elements v(λ) that are homogeneous in λ, i.e. λdv(λ)
dλ
= dv(λ)
with d ∈ Z.
All this gives that such a W can be described as follows, see [1] for more details.
Choose 3 linearly independent vectors in C3
w(i) =
(
w
(i)
1 , w
(i)
2 , w
(i)
3
)
, i = 1, 2, 3,
and let
w(i) =
(
w1(i), w
2
(i), w
3
(i)
)
be the dual basis with respect to the bilinear form (2.2).
Let
µ = (µ1, µ2, µ3) = µ1ǫ1 + µ2ǫ2 + µ3ǫ3 ∈ Z3 , (2.3)
where ǫj is a basis vector in Z
3, so ǫj = (δj1, δj2, δj3). Then such a W is equal to
W (µ), where
W (µ) =
∑
i≥µ1
Cλiw(1) +
∑
j≥µ2
Cλjw(2) +
∑
k≥µ3
Cλkw(3) .
Let ea, a = 1, 2, 3, be the standard basis of C
3, then
W (µ) =
maxµℓ−1∑
i=µ1
Cλiw(1) +
maxµℓ−1∑
j=µ2
Cλjw(2) +
maxµℓ−1∑
k=µ3
Cλkw(3) +
3∑
a=1
∑
m≥max µℓ
Cλmea .
Note that
W (0) =
3∑
a=1
∑
m≥0
Cλmea = H+ .
With respect to the bilinear form (2.1) on H we can find the maximal orthocomple-
ment W⊥(µ). This space is given by
W⊥(µ) =
∑
i≥−µ1
Cλiw(1) +
∑
j≥−µ2
Cλjw(2) +
∑
k≥−µ3
Cλkw(3) .
Note that
W⊥(µ) =
max−µℓ−1∑
i=−µ1
Cλiw(1)+
max−µℓ−1∑
j=µ2
Cλjw(2)+
max−µℓ−1∑
k=µ3
Cλkw(3)+
3∑
a=1
∑
m≥max−µℓ
Cλmea .
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If we define the following ordering on Z3
µ ≤ λ if µi ≤ λi for all i = 1, 2, 3 ,
then
W (λ) ⊂W (µ) and W⊥(µ) ⊂W⊥(λ) iff µ ≤ λ.
Next, we associate to W (µ) the following vector in a semi-infinite wedge space:
|W (µ)〉 =λµ1w(1) ∧ λµ1+1w(1) ∧ · · · ∧ λmaxµℓ−1w(1) ∧ λµ2w(2) ∧ λµ2+1w(2) ∧ · · ·
· · · ∧ λmaxµℓ−1w(2) ∧ λµ3w(3) ∧ λµ3+1w(3) ∧ · · · ∧ λmaxµℓ−1w(3)∧
λmaxµℓe1 ∧ λmaxµℓe2 ∧ λmaxµℓe3 ∧ λmaxµℓ+1e1 ∧ λmaxµℓ+1e2 ∧ · · · .
(2.4)
If we define the grading
deg(|W (0)〉) = 0 and deg(λkw(j)) = 1
2
− k ,
then
deg(|W (µ)〉) = 1
2
(
µ21 + µ
2
2 + µ
2
3
)
. (2.5)
For any v ∈ (C[λ, λ−1])3 we can define creation and annihilation operators, see e.g.
[6] for more details. Let v0 ∧ v1 ∧ v2 ∧ · · · be an element in the semi-infinite wedge
space, then we define
ψ+(v)v0 ∧ v1 ∧ v2 ∧ · · · = v ∧ v0 ∧ v1 ∧ v2 ∧ · · ·
and
ψ−(v)v0 ∧ v1 ∧ v2 ∧ · · · =
∞∑
i=0
(−)i(v|vi)v0 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · · .
These elements form a Clifford algebra, they satisfy the anti-commutation relations
ψ+(v)ψ+(w) + ψ+(v)ψ+(w) = 0 , ψ−(v)ψ−(w) + ψ−(v)ψ−(w) = 0 ,
ψ+(v)ψ−(w) + ψ+(v)ψ−(w) = (v|w) .
Note that
ψ+(v)|W (µ)〉 = 0 for v ∈ W (µ), ψ−(v)|W (µ)〉 = 0 for v ∈ W⊥(µ) .
Let V0 = v0 ∧ v1 ∧ v2 ∧ · · · and Vk = v−k ∧ v−k+1 ∧ v−k+2 ∧ · · · for k ≥ 0, then, since
v =
3∑
a=1
∑
j∈Z
(λ−j−1ea|v)λjea ,
4
we find that
3∑
a=1
∑
j∈Z
ψ+(λjea)Vk ⊗ ψ−(λ−j−1ea)V0 =
=
3∑
a=1
∑
j∈Z
λjea ∧ Vk ⊗
(
∞∑
i=0
(−)i(λ−j−1ea|vi)v0 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · ·
)
=
3∑
a=1
∑
j∈Z
∞∑
i=0
(−)i(λ−j−1ea|vi)λjea ∧ Vk ⊗ v0 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · ·
=
∞∑
i=0
(−)ivi ∧ Vk ⊗ v0 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · ·
=
∞∑
i=0
ψ+(vi)Vk ⊗ ψ−(v∗i )V0 = 0 .
Here v∗i is the dual vector of vi with respect to the bilinear form (2.1). So in particular
for W (ν) ⊂W (µ) one has
3∑
a=1
∑
k∈Z
ψ+(λkea)|W (µ)〉 ⊗ ψ−(λ−k−1ea)|W (ν)〉 = 0 for µ ≤ ν . (2.6)
In a similar way we see that for i 6= j:
3∑
a=1
∑
k∈Z
ψ+(λkea)|W (µ+ǫi−ǫj)〉⊗ψ−(λ−k−1ea)|W (µ)〉 = ǫij|W (µ−ǫj)〉⊗|W (µ+ǫi)〉 .
(2.7)
Let δ(z − λ) = z−1∑n∈Z ( zλ)n and introduce the fields
ψ±(δ(z − λ)ea) =
∑
∈Z
ψ±(λnea)z
−n−1 .
Then (2.6) is equivalent to
Resz
3∑
a=1
ψ+(δ(z − λ)ea)|W (µ)〉 ⊗ ψ−(δ(z − λ)ea)|W (ν)〉 = 0 for µ ≤ ν . (2.8)
Using the boson-fermion correspondence we can express every such semi-infinite
wedge |W (µ)〉 as a function in F = C[qa, q−1a , x(a)i ; a = 1, 2, 3, i = 1, 2, 3, . . .]. We
identify |W (0)〉 with 1 ∈ F . Let σ be the corresponding isomorphism, then
σψ±(δ(z−λ)ea)σ−1 = q±1a z±qa
∂
∂qa exp
(
±
∞∑
i=1
x
(a)
i z
i
)
exp
(
∓
∞∑
i=1
∂
∂x
(a)
i
z−i
i
)
. (2.9)
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Unfortunately the qa and qb for a 6= b anticommute, which means that we have to
order them. We assume that
σ(|W (0)〉) = 1 and σ(|W (µ)〉) =
∑
α∈Z3
τα(µ; x)q
α1
1 q
α2
2 q
α3
3 . (2.10)
It is straightforward to check that
τα(µ; x) = 0 for µ1 + µ2 + µ3 + α1 + α2 + α3 6= 0 (2.11)
and using (2.5) that
R(µ, α) := deg
(
τα(µ; x)
)
=
1
2
(
µ21 + µ
2
2 + µ
2
3 − α21 − α22 − α23
)
. (2.12)
Having this in mind, it will be useful to introduce the following subset of Z3:
Lµ = {α ∈ Z3 |µ1 + µ2 + µ3 + α1 + α2 + α3 = 0} .
Note that since the form of the vectors |W (µ)〉 and |W (µ− (ǫ1+ ǫ2+ ǫ3))〉 (2.4) are
similar, one finds that
τα(µ; x) = (−1)α2τα+(ǫ1+ǫ2+ǫ3)(µ− (ǫ1 + ǫ2 + ǫ3); x) . (2.13)
We can use (2.9) and (2.10) to rewrite (2.8) as a generating series of Hirota
bilinear equations. We forget the tensor symbol and write x′ for its first component
and x′′ for its second component. Define
qα = qα11 q
α2
2 q
α3
3
and let
ε(ǫj , α) =

1 for j = 1,
(−1)α1 for j = 2,
(−1)α1+α2 for j = 3,
then (2.8) is equivalent to
Resz(
3∑
a=1
∑
α∈Lµ,β∈Lν
ε(ǫa, α− β)zαa−βa exp(
∞∑
k=1
(x(a)
′
k − x(a)′′k )zk)
exp(−
∞∑
k=1
(
∂
∂x
(a)′
k
− ∂
∂x
(a)′′
k
)
z−k
k
)τα(µ; x
′)(qα+ǫa)′τβ(ν; x
′′)(qβ−ǫa)′′) = 0, µ ≤ ν
(2.14)
and (2.7) is equivalent to ( ǫij = ε(ǫi, ǫj)):
Resz(
3∑
a=1
∑
α∈Lµ+ǫi−ǫj ,β∈Lµ
ε(ǫa, α− β)zαa−βa exp(
∞∑
k=1
(x
(a)′
k − x(a)
′′
a )z
k)
exp(−
∞∑
k=1
(
∂
∂x
(a)′
k
− ∂
∂x
(a)′′
k
)
z−k
k
)τα(µ+ ǫi − ǫj; x′)(qα+ǫa)′τβ(µ; x′′)(qβ−ǫa)′′)
=ǫij
∑
γ∈Lµ−ǫj ,δ∈Lµ+ǫi
τγ(µ− ǫj; x′)(qγ)′τδ(µ+ ǫi; x′′)(qδ)′′) .
(2.15)
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Taking the coefficient of (qα)′(qβ)′′ in (2.14) for α ∈ Lµ−ǫi and β ∈ Lν+ǫi we obtain:
Resz(
3∑
a=1
ε(ǫa, α− β)zαa−βa−2 exp(
∞∑
k=1
(x
(a)′
k − x(a)
′′
k )z
k)
exp(−
∞∑
k=1
(
∂
∂x
(a)′
k
− ∂
∂x
(a)′′
k
)
z−k
k
)τα−ǫa(µ; x
′)τβ+ǫa(ν; x
′′) = 0, µ ≤ ν
(2.16)
and in a similar way (2.15) gives:
Resz(
3∑
a=1
ε(ǫa, α− β)zαa−βa−2 exp(
∞∑
k=1
(x
(a)′
k − x(a)
′′
k )z
k)
exp(−
∞∑
k=1
(
∂
∂x
(a)′
k
− ∂
∂x
(a)′′
k
)
z−k
k
)τα−ǫa(µ+ ǫi − ǫj ; x′)τβ+ǫa(µ; x′′)
=ǫijτα(µ− ǫj ; x′)τβ(µ+ ǫi; x′′).
(2.17)
Now making the change of variables x
(j)
k =
1
2
(u
(j)′
k +u
(j)′′
k ), y
(j)
k =
1
2
(u
(j)′
k −u(j)
′′
n ), one
gets for (2.16 ) for µ ≤ ν:
Resz(
3∑
j=1
ε(ǫj, α− β)zαj−βj−2
× exp(
∞∑
k=1
2y
(j)
k z
k) exp(−
∞∑
k=1
∂
∂y
(j)
k
z−k
k
)τα−ǫj (µ; x+ y)τβ+ǫj (ν; x− y)) = 0 .
(2.18)
Using elementary Schur functions we rewrite this again as
3∑
j=1
ε(ǫj, α− β)
∞∑
k=0
Sk(2y
(j))Sk−1+αj−βj(−
∂˜
∂y(j)
)τα−ǫj (µ; x+ y)τβ+ǫj(ν; x− y)) = 0.
(2.19)
Here and further we use the notation ∂˜
∂y
= ( ∂
∂y1
, 1
2
∂
∂y2
, 1
3
∂
∂y3
, . . .). Using Taylor’s
formula we can rewrite this once more:
3∑
j=1
ε(ǫj, α− β)
∞∑
k=0
Sk(2y
(j))Sk−1+αj−βj(−
∂˜
∂t(j)
)
× e
∑3
j=1
∑
∞
r=1 y
(j)
r
∂
∂t
(j)
r τα−ǫj(µ; x+ t)τβ+ǫj (ν; x− t)|t=0 = 0.
(2.20)
This last equation can be written as the following generating series of Hirota bilinear
equations:
3∑
j=1
ε(ǫj, α−β)
∞∑
k=0
Sk(2y
(j))Sk−1+αj−βj(−D˜(j))e
∑3
j=1
∑
∞
r=1 y
(j)
r D
(j)
r τα−ǫj(µ)·τβ+ǫj (ν) = 0 ,
(2.21)
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for all α ∈ Lµ−ǫi, β ∈ Lν+ǫi and µ ≤ ν, see [6] for more details.
Now take µ = ν, then for α ∈ Lµ and 1 ≤ i, j ≤ 3 distinct indices i and j one
finds the following equation:
D
(i)
1 D
(j)
1 τα(µ) · τα(µ) = 2τα+ǫi−ǫj (µ)τα+ǫj−ǫi(µ) (2.22)
and for each triple of distinct indices i, j, k:
D
(j)
1 τα(µ) · τα+ǫi−ǫk(µ) = εijkτα+ǫi−ǫj(µ)τα+ǫj−ǫk(µ) . (2.23)
If µ = ν − ǫℓ, choose first α and β such that α − β = ǫ1 + ǫ2 + ǫ3, then we find
the following Hirota-Miwa equation:
τβ+ǫ2+ǫ3(µ)τβ+ǫ1(µ+ ǫℓ)− τβ+ǫ1+ǫ3(µ)τβ+ǫ2(µ+ ǫℓ) + τβ+ǫ1+ǫ2(µ)τβ+ǫ3(µ+ ǫℓ) = 0 .
(2.24)
Secondly choose α and β such that α− β = 2ǫi + ǫj, with i and j distinct, then we
find
D
(i)
1 τγ(µ) · τγ−ǫj(µ+ ǫℓ) = ǫijτγ−ǫi(µ+ ǫℓ)τγ+ǫi−ǫj (µ) , (2.25)
or equivalently
D
(i)
1 τγ(µ) · τγ+ǫj (µ− ǫℓ) = ǫjiτγ+ǫj−ǫi(µ)τγ+ǫi(µ− ǫℓ) . (2.26)
In a similar way (2.17) can be rewritten as the following generating series of
Hirota bilinear equations (i 6= j):
3∑
a=1
ε(ǫa, α− β)
∞∑
k=0
Sk(2y
(a))Sk−1+αa−βa(−D˜(a))e
∑3
a=1
∑
∞
r=1 y
(a)
r D
(a)
r τα−ǫa(µ+ ǫi − ǫj) · τβ+ǫa(µ)
=ǫij e
∑3
a=1
∑
∞
r=1 y
(a)
r D
(a)
r τα(µ− ǫj) · τβ(µ+ ǫi) ,
(2.27)
for all α ∈ Lµ−ǫi, β ∈ Lν+ǫi and µ ≤ ν. Now taking α − β = ǫk + ǫℓ, with k 6= ℓ,
where k or ℓ may be equal to i or j, we find another version of the Hirota-Miwa
equation (i 6= j, k 6= ℓ):
ǫkℓτβ+ǫℓ(µ+ǫi−ǫj)τβ+ǫk(µ)+ǫℓkτβ+ǫk(µ+ǫi−ǫj)τβ+ǫℓ(µ)−ǫijτβ+ǫk+ǫℓ(µ−ǫj)τβ(µ+ǫi) = 0 .
(2.28)
Next taking α− β = 2ǫk, where k may be equal to i or j, we find (i 6= j):
D
(k)
1 τγ(µ) · τγ(µ+ ǫi − ǫj) = ǫjiτγ+ǫk(µ− ǫj)τγ−ǫk(µ+ ǫi) . (2.29)
In the above construction the pair
(α, µ) = (α1, α2, α3, µ1, µ2, µ3) = (α1, α2, α3, α4, α5, α6)
can be seen as an element in the root lattice Q(A5) of sl6 (see(1.4)). Note that the
tau function corresponding to such a pair (α, µ) is 0, whenever this pair is not in
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Q(A5), see (2.11). A basis of this root lattice is given by the roots δi − δi+1 for
1 ≤ i ≤ 5. Using the degree of the tau function given in (2.12), we define a similar
grading on this root lattice by
R(α) = R
(
6∑
i=1
αiδi
)
= deg(
6∑
i=1
αiδi) =
1
2
(
α24 + α
2
5 + α
2
6 − α21 − α22 − α23
)
. (2.30)
In this light the equations (2.23), (2.25), (2.29) can be rewritten to one equation.
Let β be an element in the root lattice of sl6, then for for distinct i, j, k with 1 ≤ j ≤ 3
and 1 ≤ i, k ≤ 6 one has:
D
(j)
1 τβ · τβ+δi−δk = ǫijkτβ+δi−δjτβ+δj−δk , j = 1, 2, 3, i, k = 1, 2, . . . , 6 . (2.31)
Finally we note that (2.13) can be rewritten to
τα = (−1)α2 τα+δ1+δ2+δ3−δ4−δ5−δ6 . (2.32)
3 From KP to the Jimbo-Miwa-Okamoto σ-equation
To obtain the Jimbo-Miwa-Okamoto σ-form (1.2) of the Painleve´ VI equation from
the 3-component KP, the following choice of new variables was used in [1] and a
similar choice was made in [5]:
t =
x
(2)
1 − x(1)1
x
(3)
1 − x(1)1
, h = x
(2)
1 − x(1)1 (3.1)
and
∂
∂x
(1)
1
=
t(t− 1)
h
∂
∂t
− ∂
∂h
,
∂
∂x
(2)
1
=
t
h
∂
∂t
+
∂
∂h
,
∂
∂x
(3)
1
= −t
2
h
∂
∂t
. (3.2)
Then for α ∈ Q(A5) with R(α) ≥ 0
∂τα(t, h)
∂h
= R(α)τα(t, h) ,
thus
τα(t, h) = h
R(α)Tα(t) .
Using this and equation (3.2) equation (2.22) turns into (cf [13]),
R(α)T 2α − (t− 1)t2
(
dTα
dt
)2
+ t2Tα
(
dTα
dt
+ (t− 1)d
2Tα
dt2
)
= Tα+δ1−δ2Tα+δ2−δ1 ,
t2
(
t(t− 1)
(
dTα
dt
)2
+ Tα
(
(1− 2t)dTα
dt
− t(t− 1)d
2Tα
dt2
))
= Tα+δ1−δ3Tα+δ3−δ1 ,
t2
(
−t
(
dTα
dt
)2
+ Tα
(
dTα
dt
+ t
d2Tα
dt2
))
= Tα+δ2−δ3Tα+δ3−δ2 .
(3.3)
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This gives 3 series of Toda equations that can be used to calculate neighboring
tau-functions. Equation (2.31) turns into (1.6), with
n1(α; i, k) = −n2(α; i, k) = R(α + δi − δk)− R(α), n3(α; i, k) = 0 (3.4)
and (2.32) into
Tα = (−1)α2 Tα+δ1+δ2+δ3−δ4−δ5−δ6 . (3.5)
Finally, we have the two Hirota-Miwa equations (2.24) and (2.28), that give:
Tβ+δ2+δ3Tβ+δ1+δℓ − Tβ+δ1+δ3Tβ+δ2+δℓ + Tβ+δ1+δ2Tβ+δ3+δℓ = 0, for ℓ > 3, and
ǫkℓTβ+δℓ+δiTβ+δk+δj + ǫℓkTβ+δk+δiTβ+δℓ+δj + ǫj−3,i−3Tβ+δk+δℓTβ+δi+δj = 0, for
(3.6)
1 ≤ k, ℓ ≤ 3, 4 ≤ i, j ≤ 6 with i 6= j and k 6= ℓ. All these equations give Ba¨cklund
transformations for the tau functions Tα of the Painleve´ VI equation.
All the above type of equations in the case of the affine Lie algebra of type An
were obtained by Noumi and Yamada, see e.g. [10] and [11].
We want to rewrite (1.6) and express it in the corresponding Jimbo-Miwa-
Okamoto σ-functions. First, we introduce
fα(t) = t(t− 1)d logTα
dt
, (3.7)
and take the log of the expression (1.6)
log(constant) + log(Tα+δi−δj) + log(Tα+δj−δk) =
= log
(
Tα+δi−δk∂j(Tα)− Tα∂j(Tα+δi−δk) + nj(α; i, k)TαTα+δi−δk
)
= log(Tα+δi−δk) + log(Tα) + log
(
∂j(Tα)
Tα
− ∂j(Tα+δi−δk)
Tα+δi−δk
+ nj(α; i, k)
)
= log
(
bj(t)
t(t− 1)
)
+ log(Tα+δi−δk) + log(Tα)+
+ log
(
t(t− 1) d
dt
(Tα)
Tα
− t(t− 1)
d
dt
(Tα+δi−δk)
Tα+δi−δk
+ nj(α; i, k)
t(t− 1)
bj(t)
)
= log
(
bj(t)
t(t− 1)
)
+ log(Tα+δi−δk) + log(Tα)+
+ log
(
t(t− 1)d log(Tα)
dt
− t(t− 1)d log(Tα+δi−δk)
dt
+ nj(α; i, k)
t(t− 1)
bj(t)
)
.
(3.8)
Now take t(t− 1) d
dt
of this expression (3.8), we thus obtain:
fα+δi−δj(t) + fα+δj−δk(t)− fα+δi−δk(t)− fα(t) =
= gj(t) + t(t− 1) d
dt
log
(
fα(t)− fα+δi−δk(t) + hj(t)
)
,
(3.9)
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where
gj(t) =

0 if j=1,
−t if j=2,
1 if j=3,
hj(t) =

nj(α; i, k) if j=1,
nj(α; i, k)(t− 1) if j=2,
−nj(α; i, k) t−1t = 0 if j=3.
(3.10)
Following [1] we introduce
σα = fα(t) + c5(α)(t− 1)− 1
2
c6(α) , (3.11)
where
c5(α) = −1
4
(α1 − α3)2 ,
c6(α) = R(α) +
1
2
(α1 − α2)(α1 − α3) ,
(3.12)
and thus we obtain (1.7), where
Gijk(α; t) =
(
c5(α + δi − δj) + c5(α+ δj − δk)− c5(α + δi − δk)− c5(α)
)
(1− t)
+
1
2
(
c6(α + δi − δj) + c6(α+ δj − δk)− c6(α + δi − δk)− c6(α)
)
+ gj(t) ,
Hijk(α; t) = (c5(α)− c5(α + δi − δk)( 1− t) +
1
2
(c6(α)− c6(α + δi − δk)) + hj(t) .
(3.13)
4 Other Ba¨cklund transformations
Besides the Ba¨cklund transformations that come from the 3-component Grassman-
nian structure, there are some other relevant transformations. A first observation
that can be made is that the σ equation (1.2) has a natural D4 symmetry. One can
permute all vi together with an even number of sign changes.
Secondly, one can choose an other identification (1.5) between the α’s and v’s
see e.g. [1], section 2.
Thirdly, one can permute the αi’s for i = 1, 2, 3 and also separately the µi’s. All
these transformations rearrange the tau functions on the sl6 root lattice.
Finally, starting with the underlying 3-component KP model one can choose a
different identification (3.1) between the x
(i)
1 and t and h. For instance interchang-
ing x
(1)
1 and x
(3)
1 , gives a transformation t 7→ 1 − t, such a transformation leaves
Painleve´ VI equation (1.1) invariant for y 7→ 1− y and appropriate transformations
of coefficients, see e.g. Boalch [3] or [12]. The permutation that interchanges x
(1)
1
and x
(2)
1 (respectively x
(2)
1 and x
(3)
1 ), gives a transformation t 7→ tt−1 (resp. t 7→ 1t ),
such a transformation induces y 7→ t−y
t−1
(resp. y 7→ 1
y
), again see [3] or [12], where
it is argued that addition of these transformations extend D
(1)
4 symmetry to F
(1)
4
symmetry.
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5 Root lattice of F
(1)
4
Okamoto showed in his fundamental paper [13] that there is a representation of the
affine Weyl group of type F
(1)
4 that acts on the solutions of the Painleve´ VI equation.
An element in this Weyl group is related to a birational canonical transformation.
We will now show that the sl6 root lattice of the previous section is related to the
root lattice of the affine Lie algebra of type F
(1)
4 on which this affine Weyl group
acts.
Let
v = (v0, v1, v2, v3, v4) = v0e0 + v1e1 + v2e2 + v3e3 + v4e4 (5.1)
be a vector in a 5-dimensional vector space. We assume that
(v, w) =
4∑
i=1
viwi .
If we make the following identification (see also (1.5)):
v0 = α1, vi =
α1 + α3
2
+µi =
α1 + α3
2
+α3+i (i = 1, 2, 3), v4 =
α1 − α3
2
, (5.2)
then the v1, v2, v3, v4 correspond to the parameters of the Jimbo-Miwa-Okamoto
σ-equation (1.2). Moreover, one has the following correspondence, the element∑6
i=1 αiδi is equal to
α1e0+
(
α1 + α3
2
+ α4
)
e1+
(
α1 + α3
2
+ α5
)
e2+
(
α1 + α3
2
+ α6
)
e3+
(
α1 − α3
2
)
e4 .
Note that e0 = δ1 + δ2 + δ3 − δ4 − δ5 − δ6. In this way one gets all elements of the
form (5.1) with v0 ∈ Z and all vi ∈ Z for i > 0 or all vi ∈ 12 + Z for i > 0. This is
the root lattice Q(F
(1)
4 ) of the Lie algebra of type F
(1)
4 . In fact the simple roots of
this affine Lie algebra are:
e0 − e1 − e2 =δ1 + 3δ2 + δ3 − 2δ4 − 2δ5 − δ6,
e2 − e3 =δ5 − δ6,
e3 − e4 =2δ3 − δ4 − δ5,
e4 =− δ2 − 2δ3 + δ4 + δ5 + δ6,
1
2
(e1 − e2 − e3 − e4) =δ2 + δ3 − δ5 − δ6 .
The ±(δi − δj) with 1 ≤ i ≤ 6, 1 ≤ j ≤ 3 and i 6= j that appear in the sigma
functions of equation (1.7) form up to possibly a translation with the vector e0 all
short roots of F4, which are (ǫk = ±1):
ǫkek, (k = 1, 2, 3, 2),
1
2
(ǫ1e1 + ǫ22e2 + ǫ3e3 + ǫ4e4) .
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To be more precise they form the union of the sets ±Sj , wich are defined by
S1 ={e0 + e4, e0 +
1
2
(e1 + e2 + e3 + e4),−e0 +
1
2
(e1 − e2 − e3 + e4),
e0 +
1
2
(e1 − e2 + e3 + e4), e0 +
1
2
e1 + e2 − e3 + e4)},
S2 ={e0 +
1
2
(e1 + e2 + e3 + e4),
1
2
(e1 + e2 + e3 − e4), e1, e2, e3},
S3 ={e0 + e4,
1
2
(−e1 − e2 − e3 + e4),
1
2
(e1 − e2 − e3 + e4),
1
2
(−e1 + e2 − e3 + e4),
1
2
(−e1 − e2 + e3 + e4)} .
(5.3)
Then the following holds:
Let β be an element in the root lattice of F
(1)
4 and asume γ1, γ2 ∈ Sj for fixed
j = 1, 2, 3, suppose σβ and σβ+γ
1
−γ
2
are known, then using equation (1.7) one can
calculate σβ+γ
1
(resp. σβ−γ
2
), if one knows σβ−γ
2
(resp. σβ+γ
1
).
Clearly a similar implication also holds for the corresponding tau functions Tβ.
Equation (3.3) implies:
Let β be an element in the root lattice of F
(1)
4 and asume γ = e0+
1
2
(e1+e2+e3+e4),
1
2
(e1+ e2+ e3− e4) or e0+ e4, suppose Tβ and Tβ±γ are known, using equation (3.3)
one can calculate Tβ∓γ.
Equation (3.5) implies:
Let β be an element in the root lattice of F
(1)
4 then up to a sign Tβ is equal to
Tβ+e0
Finally the Hirota-Miwa equation (3.6) also gives a connection between six tau func-
tions in the F
(1)
4 root lattice. However it is not so easy to describe this explicitly in
this F
(1)
4 setting.
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